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Abstract 

We construct a warm inflation model with inflaton field non-minimally coupled to 
induced gravity on a warped DGP brane. We incorporate possible modification of 
the induced gravity on the brane in the spirit of /(i?)-gravity. We study cosmological 
perturbations in this setup. In the case of two field inflation such as warm inflation, 
usually entropy perturbations are generated. While it is expected that in the case of 
one field inflation these perturbations to be removed, we show that even in the absence 
of the radiation field, entropy perturbations are generated in our setup due to non- 
minimal coupling and modification of the induced gravity. 
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1 Introduction 



The idea of inflation is a very successful paradigm to solve the problems of the standard cos- 
mology and it provides a basis for production and evolution of seeds for large scale structure 
of the universe [1,2]. From a thermodynamical viewpoint, there are two possible alternatives 
to inflationary dynamics: Standard picture is isentropic inflation referred to as supercooled 
inflation. In this picture, universe expansion in inflation phase and its temperature decrease 
rapidly. When inflation ends, a reheating period introduces radiation into the universe. The 
fluctuations in this type of inflation model are zero-point ground state fluctuations and evo- 
lution of the inflaton field is governed by ground state evolution equations. In this model 
we have not any thermal perturbations and therefore density perturbations are adiabatic ( 
or curvature). The other picture is a non-isentropic inflation, the so called warm inflation. 
Warm inflation has no need to introduce reheating phase since interaction between the infla- 
ton and other fields in this scenario produces the radiation energy density. In this picture, 
inflation terminates smoothly and radiation regime is dominated without a reheating period. 
The fluctuations during warm inflation emerge from some excited states and the evolution 
of the inflaton has dissipative terms arising from interaction of the inflaton and other fields 
[3,4] which affects the inflaton dynamics through a noise term in the equations of motion 
[5,6] ( for a comprehensive list of the references on warm inflation, see [7]) . The important 
point in the warm inflation scenario is that the density fluctuations in this scenario arise from 
thermal rather than vacuum fluctuations [3,6,8] and the fluctuations in the radiation produce 
the entropy (isocurvature) perturbations. The thermal fluctuations during warm inflation 
lead to production of necessary initial seeds for Large Scale Structure (LSS) formation. The 
warm inflation ends when the radiation is dominated in the universe and the universe enters 
in a standard Big Bang phase [4,9]. The entropy fluctuations disappear before inflation ends. 
The goal of this investigation is to study cosmological perturbations in a braneworld view- 
point of the warm inflation in the presence of interaction between inflaton and modified 
induced gravity on the brane. Among various braneworld scenarios, the model proposed 
by Dvali, Gabadadze and Porrati (DGP) [10] predicts deviations from the standard 4- 
dimensional gravity even over large distances. In this scenario, the transition between four 
and 5-dimensional gravitational potentials arises due to the presence of an induced gravity 
term in the brane action. Existence of a higher dimensional embedding space allows for the 
existence of bulk or brane matter which can certainly influence the cosmological dynamics 
on the brane. In the DGP setup, the bulk is a flat Minkowski spacetime, but a reduced 
gravity term appears on the brane without tension. This model has a rich phenomenology 
discussed in [11]. Maeda, Mizuno and Torii have constructed a braneworld scenario which 
combines the Randall-Sundrum II ( RS II) and the DGP model [12]. In this combination, an 
induced curvature term appears on the brane in the RS II scenario which contains an AdS 
bulk. This model has been called the warped DGP braneworld in the literature [13]. The 
supercooled inflation models in this scenario were studied in minimal and non-minimal cases 
[13-17]. Warm inflation model on a warped DGP brane in the minimal case has been studied 
by del Campo and Herrera [18], but here we consider the effects of the non- minimal coupling 
of the scalar field and modified induced gravity on the brane because one important feature 
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of the inflationary paradigm is the fact that inflaton can interact with other fields such as 
gravitational sector of the theory. This interaction is shown by the non-minimal coupling 
of the inflaton field and modified induced curvature in the spirit of the scalar-tensor theo- 
ries, which is motivated from several compelling reasons ( for a discussion on the reasons 
to include an explicit non-minimal coupling between inflaton and gravitational sector in a 
typical inflation model, see [19]). In fact, inclusion of the non-minimal coupling in our setup 
is not just a matter of taste; it is forced upon us since as has been indicated in [19], in most 
theories used to describe inflationary scenarios, it turns out that a non-vanishing value of 
the coupling constant cannot be avoided. 

To have a complete treatment of the problem, we consider possible modification of the 
induced gravity on the brane in the spirit of the /(i?)-gravity. The main motivation for 
adopting such a framework is the fact that although inflation is an elegant scenario to re- 
solve some shortcomings of the standard cosmology and provides a causal and predictive 
theory of structure formation, there are some important and yet unsolved problems in it 
[20]. Incorporation of the modified gravity in the spirit of higher order gravitational the- 
ories may shed more light on these problems. In fact, /(-R)-gravity is the simplest way to 
achieve this goal and it is also possible to obtain a nonsingular cosmology in this setup. For 
a review on /(i?)-gravity and also inflation and cosmic acceleration in modified gravity see 
[21]. In this paper we consider the general form of /(/2)-gravity and we discuss cosmological 
perturbations in the framework of non-minimal warm inflation on the warped DGP brane. 
Through this paper, a dot on a quantity represents the time derivative and a prim marks 
derivative with respect to Ricci curvature R. 



2 Warped DGP Scenario 



Consider a 5-dimensional AdS bulk spacetime with a single 4-dimensional brane embedded 
in it. Standard matter, including inflaton field, are localized on the brane but gravity and 
possibly non-standard matter are free to propagate in the bulk. The gravity is induced on 
the brane via interaction of bulk gravitons and matter localized on the brane. The action 
of this extension of DGP scenario where brane is foliated in the bulk with warped geometry 
can be written as follows [12] 



S = I d^X^/^g 

J bulk 



24 



d Xy 



brane 



1a- 

.4 



brane 



In this action the quantities are defined as follows: with A = 0, 1, 2, 3, 5 are coordinates 
in the bulk while x'^ with /j, = 0,1,2,3 are induced coordinates on the brane. is the 5- 
dimensional gravitational constant. ^^^R and ^^^Cm are 5-dimensional Ricci scalar and matter 
Lagrangian respectively. is the trace of the extrinsic curvature on either sides of the 
brane. This term is known as the York- Gibbons-Hawking term [22] which provides a through 
framework for imposing suitable boundary conditions on the field equations. Cbraneigap,'^) 
is the effective 4-dimensional Lagrangian. This action is actually a combination of the 



3 



Randall-Sundrum II [23] and the DGP model [10]. Consider the brane Lagrangian as follows 



brane 



R- X + Lr 



(2) 



where /i is a mass parameter, R is Ricci scalar of the brane, A is tension of the brane and 
Lm is Lagrangian of the matters localized on the brane. Assume that bulk contains only a 
cosmological constant, ^^^A. With these choices, action (1) gives either a generalized DGP 
or a generalized RS II model: it gives DGP model if A = and ^^^A = and gives RS II 
model if ;U = [12]. 

Considering a spatially flat FRW metric on the brane, the cosmological dynamics on the 
brane is given by 

H^ = J^ p + Po(l +£^(p,a) 

where e = ±1 is corresponding to two possible branches of the solutions in this warped 
DGP model as a manifestation of the two possible embedding of brane in the bulk. Other 

2»? 



(3) 



quantities are defined as A 
with < ?7 < 1 and po = 



P- 



,.2£o 



1/2 



where An 



1/2 



V 



+ 6^. Note that by definition, uix = A^/'^, = /c 



6m° 
2/3 



and So is an integration constant where corresponding term in the generalized Friedmann 
equation is called the dark radiation term. Since we are interested in the inflation dynamics 
of our model, we neglect dark radiation term in which follow^. In this case, generalized 
Friedmann equation (3) attains the following form 



p + po + epo (^Al 



2r/p\i/2' 
Po ^ 



(4) 



This equation is the basis of our forthcoming arguments. 



3 Non- Minimal /(i?)-DGP-Inspired Warm Inflation 



After introducing the warped DGP braneworld scenario, here we consider the case of non- 
minimal warm inflation in this setup. We assume that the warm inflation is driven by the 
non-minimally coupled scalar field if with potential V{ip) on the warped DGP brane, where 
possible modification of the induced gravity on the brane is taken into account within the 
general framework of /(i?)-gravity. The action of this model with a non-minimally coupled 
scalar field is given as follows 



d''X^/-(^)g 



bulk 



^^''>R + ^'^Cr, 



24 



^ Note however that dark radiation in the background which is constraint by observations to be a small 
fraction of the radiation energy density, has interesting effects in the radiation era. As has been shown in 
Ref. [24], on large scales this term slightly suppresses the radiation density perturbations at late times. In 
a kinetic era, this suppression is much stronger and drives the density perturbations to zero. 
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brane 



(5) 



where ^ is a non-minimal coupling and f{R) is a function of the Ricci scalar on the brane 
[25]. L'^ is Lagrangian of the other matters localized on the brane. 

Variation of the action with respect to tp gives the equation of motion of the scalar field 
in this warm inflation scenario 



dip 



(6) 



r is the dissipation coefficient and during inflation period, it is responsible for decay of the 
scalar field into radiation. There are several choices for F, that is: a constant, a function of the 
scalar field Lp, a function of temperature T and a function of both scalar field and temperature, 
(<y9,T) ( for a recent progress in this direction, see [26]). In the supercooled inflation models 
r = and the equation of motion has the standard form (p + SHip — ^f(R)(p + ^ = 0. The 
energy-momentum tensor of a scalar field non-minimally coupled to induced gravity for a 
DGP-inspired /(i?)-gravity scenario is 

= 9,u[l^f{R)^' - ^g'^^daipdpip - V{cp)) 



So, the energy density and pressure are given by 
1 



(7) 



{curve) 



--f{R)^^-Qf\R)^H^+3f'{R)^\H+H^)-18f''{R)y^'H{H+AHH) 



(8) 



- v{ip) + e 



2(^0 + 2ipHip + ip')f{R) + (^/(i?) - f'{R){H + 3H')')^' 



+ l2f"{R) i^H^^ + 2^LpJ{H+4HH) + 6f"{R)CH+AH^ + 4HH)^^ + 36f"'{R){H + 4HHy^^ 

(9) 

Note that and are curvature-dependent parts of the energy density and pres- 

sure of the non-minimally coupled scalar field respectively. The conservation equation for 
scalar field energy density in this dissipative setup is given by 



+ 3H{p^ + 



(10) 
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Since F is responsible for interaction of the scalar field and radiation, it is expected that 
this coefficient has no dependence on the non- minimal coupling of the scalar field and f{R)- 
gravity. The energy density and pressure that contain both scalar field and radiation con- 
tributions are 
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and 



(11) 



(12) 



where and p-y are the radiation energy density and pressure respectively. The conservation 
equation for the combined system of scalar field and radiation is given by 



p + 3H{p + P) = 0, 

which implies the entropy production. Making use of Eq. (11) and (12) we get 

T{S + 3HS) = ^v9^ 



(13) 



(14) 



where by equation (6), Lp is directly related to the non- minimal coupling. The basic idea 
of warm inflation is that radiation production is occurring concurrently with inflationary 
expansion due to dissipation of the infiaton field system. The equation of state for radiation 
field is given by = Therefore, the conservation equation of p^ yields the following 
result 

p^ + AHp^ = Tip\ (15) 
that a part of dynamics is represented by this equation. 

In the slow-roll approximation where <^ V{'p), equation of motion for the scalar field takes 
the following form 



(16) 



where V^p = In warm inflation, the radiation production is quasi-stable so that <^ 



AHpj and p^ <^ T(p . Therefore we have from (15) 



AH 



(17) 



By using equations (4), (16) and (17) we obtain 



P7 



rp 



4(l + r)2 



Pv + po + epo ^0 



pa 



1/2 



where we have used the definition of the dissipation factor as follows 

r 



r = 



3H' 



(19) 



which is a dimensionless parameter. Since during an inflationary era the scalar field energy 
density dominates over the energy density of the radiation field, that is, > p^, we can 
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assume p ~ p^. Here a = is the Stefan-Boltzmann constant and g^, is the number of 
degrees of freedom for the radiation field, that in the standard cosmology is g'^, ~ 100. A 
part of the effects of the non-minimal coupling and dissipation is hidden in the definition of 
energy density, p^, which attains the following form by using (8) 



P^ ^ VH 



1 + ^) y^f{R)^-v^v>)+^nR)Rv>'+^f'iRW'H'-^f"iR)RH 



where R = 6{H + 2H^) and R = 6{H + AHH). 
We define the most important slow-roll parameter a.'''^' 



H 



iJ2 2{l + r 



PO 



-1/2- 



Pv> + Po + epo (^0 



2 I 



PO 



1/2 



1 2 ' 



where by definition 



(20) 



(21) 



P^VJ -2fiR)ip + f'iR) 



(l+r)2 (1 + r) 



7. 



{R + 6H'^)^ 







+ 



f'iR) 



V^ipR , 1 



[l + r) 



+ -{R + 6H')Rip' -3{RH + RH) -3f'"{R) 



R^H 



(22) 



Due to complicated form of the equations, here we restrict our analysis to the first order of 
the non-minimal coupling, ^. Since /5 itself is multiplied by ^ in equation (21), to have a 
first order analysis we should consider those terms of (3 that are independent of ^. So, we 
should consider only the terms independent of ^ in the definition of H and H. These terms 



are H 



and H 



respectively. 



3(l+r)v5 "^^^ 3(l+r) ' WJ+rj^ ~'~ 3{T+rj^' 

In comparison with minimal warm infiation on DGP brane as presented in Ref. [18], we see 
that our equation (21) reduces to equation (15) of Ref. [18] for ^ = 0. On the other hand, 
for r = we recover typical expression for non-minimal supercool infiation in the warped 
DGP brane. The relation between energy densities of radiation and infiaton fields can be 
calculated using the slow-roll parameter e to find 



P7 



2(1 



- U{R)^ 



X 



PO 



1/2' 



1 + er/L4g + 



2??Py 
PO 



-1/2 



(23) 



"'Note that wc use e for slow-roll parameter while e = ±1 marks two possible branches of the DGP setup. 
^ Note that this assumption is justified since ^ is constraint to be very close to the conformal coupling, 



^ = i by the recent observations ( see [27] for instance). 
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The inflation takes place when the condition e < 1 (or equivalently a > 0) is fulflUed. This 
condition in our case reduces to the following expression for realization of the warm inflation 
in our non-minimal setup 



pip + Po 



pa 



l/2n 



PO 



-1/2 



2(1 + r) 
r 



2 • 



(24) 



The warm inflationary period lasts up to violation of this condition. The inflationary epoch 
ends when the e ~ 1 is fulflUed and this implies that 



Pp + Po 



1 +eL4g + 



po 



1/2- 



po 



-1/2 



2(1 + r) 



(25) 



The second slow-roll parameter in this setup is given by 



a = —- 



H 
HH 



P' 



V. 



ipip 



[1 + r) (l-fr)2 (1 + r) 



{nR)R + f{R)-li^^) 



1 + r 



X 



Pv:. + Po + £P0 (v4i 



2 2?7P^^l/2 



(26) 



In the minimal case one has only the flrst two terms of the right hand side of this expression. 
Note also that in our setup we consider F = T{ip) or equivalently r = r{ip). The number of e- 
folds, = In — in the presence of the non-minimal coupling and for a warped DGP-inspired 
/(i?)-gravity can be written as 



N{cp) 



dip 



P' 



Pp + Po + £po A 



277p^^V2 
Po 



dip. 



(27) 



where cpi denotes the value of the scalar fleld f when Universe scale observed today crosses 
the Hubble horizon during inflation, and fe is the value of the scalar fleld when the Universe 
exits the inflationary phase. 



4 Perturbations 

The inhomogeneous perturbations of the FRW background are described by the metric in 
the longitudinal gauge [28, 29] 

ds'^ = -{l + 2(j))df + a'^{t){l-2ij)5ijdx'dx\ (28) 
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where a{t) is the scale factor on the brane, = (fi{t,x) and ifj = ilj{t,x) are the metric 
perturbations and the radiation and scalar fields interact through the friction term F. The 
spatial dependence of all perturbed quantities are of the form of plane waves e^^'^, where 
k is the wave number. A perturbation of the metric implies, through Einstein's equations 
of motion, a perturbation in the energy-momentum tensor. The energy-momentum tensor 
in our setup as defined in equation (7) is diagonal if we note that R is just a function of 
the cosmic time. Since the energy-momentum tensor has no non-diagonal element, we have 
(f> = i/j, see for instance [30]. 

The perturbed field equations can be obtained straightforwardly from Einstein field equa- 
tions. In a warped DGP braneworld model, the Einstein field equations change to effective 
equations on the brane given as [12] 

G^iu g- E^i^, (29) 



where ml = ^ and 



n^. = -\t,^t," + ^TT,, + Ig,^ {t,,t'- - ^t^) , (30) 



and T^y is given by equation (7). Also we have 

E,. = Cmrns n^' n^'g''^ g\ (31) 

where Cmrns is the five dimensional Weyl tensor and ua is the spacelike unit vector normal 
to the brane. The Friedmann equation (3) can be calculated directly from these equations 
(see [31] for instance). So, to obtain perturbed field equations, if we adopt the standard 
prescription as has been presented in Ref. [32], we should replace the quantities in the 
standard picture with corresponding effective quantities. We note that in the background 
spacetime, E^^ = and we can use equation (4) as Friedmann equation in this setup. But the 
perturbed FRW brane has a nonzero E^^^, which encodes the effects of the bulk gravitational 
field on the brane [33] and we have use the Friedmann equation (3) where E^ = |j [12]. The 
perturbed 5D field equations are needed to determine the evolution of SE^iy. In this manner, 
the temporal part of the perturbed field equations are given as 

- 3H{^ + H(P) - ^0 = ^'^Aot, (32) 

^ + AH<j)+{2H + 3H^)(l) = ^6Ptot, (33) 

+ ^0 = ^ ( - ^P,av + P^v^V - ^ / {5T^)^ dx) +\f {5E^) dx,, (34) 
2/i^ V 3k pov poV J ^ 2 J 

where v appears from the decomposition of the velocity field as Sui = —H^b.yQ'^k.x _ 2, 3) 
[29] and we have omitted the subscript k. The last equation is related to the perturbed effec- 
tive Einstein equation for the component SG'^ that 511° = —^Py, diip5(p— {ST^)^^ . Equations 
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(32) and (33) above have their standard forms but now in the non-minimal DGP brane 
world model. The perturbed total energy density and pressure in longitudinal gauge can be 
written as 

Sptot = Speff + 6p^, (35) 

and 

SPtot = SPeff + Up^, (36) 



respectively. The second terms on the right hand side of these two equations are hallmark of 
the warm inflation, because a perturbation of the metric leads to a perturbation in the stress 
energy-momentum tensor and in the warm inflationary model the stress-momentum tensor 
contains the radiation field too. In the DGP brane world model by using the Friedmann 
equation (3), one can define an effective gravitational energy density and pressure as 



peff = P^ + Po + epo 



• 2 2r/. /x%.ii/2 



(37) 



and 



P. 



eff 



P. 



ev[P, + P,-^^ 



•^0 



Po + £^Po 



■^0 



po - 



(38) 



respectively where pe// and Peff obey the standard Friedmann equation. In other words, 
using the standard Friedmann equation as H'^ = j^p and substituting for p from equation 
(37), we recover the equation (3). The effective pressure is then calculated by using the 
continuity equation. Now we can rewrite equations. (35) and (36) for DGP brane world 
model as 



5ptot = ^Pip + ST] 



■^0 



2r] 
Po 



-1/2 



2ri 



'-^iP, + P,- -.P'EI ) Al+^-^{p,- p.' El) ' - {6p, - p^HEl) + ± V. 



Po 



SPtot = SP^ + er] Al + ^ {p^ - p'^El) 
L Po 



21] 



{6p^ - p^6El) + 6p^, 
1/2 /_ 1 



5P^ - -pHEl 



3/2 



Po 



7' 



where i^g can calculated from the general equation 5E^ as 



(39) 



(40) 



p? 



~6pE aSqE 



Ej 



(41) 



where E^ can parametrize as an effective fluid , with density perturbation SpE, isotropic pres- 
sure perturbation \5pEi anisotropic stress perturbation 5iie and energy flux perturbation 
5qE (for details, see [33]). 
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5pip and 5P^p contain the effects of the non-minimal couphng 

5p^ = (p6(p - (p^4) + V^^d^p + 5p^ , (42) 

5P^ = ^6ip - ip^4> - V^6ip + 6P^ . (43) 

The last terms in both of these relations are related to the non-minimal coupling of the 
scalar filed and induced gravity on the brane and can be calculated as follows 

(5T°)5 = (M?, (44) 

{STn^ = {6P)^6l (45) 

where 

{5T!:)^ = Sg^'^iT^,)^ + (7^"(5r„,)5, (46) 
so that (T^u)^ and {ST^y)^ are defined as follows 



(47) 



and 



+ (g^,U - V,,V,j (^f"{R)ip^5R+2^f{R)5ip) + 5g^,\uU\R)v^) - -V^f{R) 

We need the following relations to calculate equation (46) explicitly 

1 



5R 



00 — 



did'(j) + 3(t) + 9H<p, 



1 



6Rij = -( -A(j){H + 3H') 



5RQi = 234 + '^Hdicj), 

2^ i-7H^ + a^dkd''(j)]6ij 



31 



(48) 

(49) 

(50) 
(51) 



and 



5R = dg^'^Ra^, + 



;did4 - l2(t){H + 2H^) - 60 - 3Oi70. 



(52) 



To have a complete set of equations for treating perturbations, we perturb equations (6) and 
(15) to find 

5(p + {?>H + V)6iP + {y^^^ + ^ + V^^iP - if\R)yip 
= A^if + (t){2U{R)^ - 2V^ + Vp) + 2U'{R)A\d,d'(t) - 60(if + 2H^) - - l^H^) , (53) 
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5p^ + 4:H6p^ + -kap^v = 4:p^4' + 'P^ + r0(25(/9 — 300) . (54) 

We study the effects of the non-minimal couphng of the scalar field and modified induced 
gravity on the brane in the warm inflation and we compare our results with the minimal 
case. Note that equation (54) is the same the corresponding equation for minimal case but 
other equations mentioned above are changed considerably. 



5 Isocurvature Perturbations 



To interpret the evolution of the cosmological perturbations, the scalar perturbations can be 
decomposed so that: a) The projection orthogonal to the trajectory which is called entropy 
or isocurvature perturbation is generated if inflation is driven by more than one scalar field, 
and b) The parallel projection corresponds to the adiabatic or curvature perturbations and 
this type of perturbations are generated if the inflaton field is the only field in inflation 
period [34,35]. Note however that these perturbations might even be cross-correlated to the 
entropy ones [36-38]. 

Since warm inflation paradigm includes two interacting fields, isocurvature (entropy) per- 
turbations are expected to be generated due to thermal fluctuations in the radiation field 
since the scalar and radiation fields interact in a thermal bath [32,39,40]. 
For treating entropy perturbations, we note that 6P and Sp are related together via entropy 
perturbation 6S [32,41] 



{P6S = 6P- cl5p) 



toV 



(55) 



where c? 



Pi+Peff |g sound effective velocity in the fluid composed of the radiation and 
scalar field non-minimally coupled to modified induced gravity on the warped DGP brane. 
PbS is the non-adiabatic pressure perturbation, {PSS)tot = SPnad, which is due to variation 
of the total equation of state that relates P and p. The entropy perturbation SS represents 
the displacement between hypersurfaces of uniform pressure and density. 
Using equations (39)- (43) in equation (55), we have 



r 2t? 1-1/2 
SPnad = (1 - cl)5ptot - {2V^Sip + dp^ - 6P^) il+erj Al + ^{p^- p^E^) 



2 2 



■^0 



27] 

Po 



-1/2 



^-^{p,-]^'El)y'^\5p,-pW,). (56) 
Po J 



po \ ■ ■ 3 

Note that if we set 5 = 0, this expression reduces to the standard model result and all traces 
of the DGP setup will disappear, p^, F,^ and Sp^^ have been defined by (8), (9) and (42). 
Using the equations (32), (33) and (34) we can rewrite this relation as 



SP 



nad 



ML^L^A:^^ - 2p\H<^ + 0)x - bp, + {5p, + pHEl)y + IpW, [Z - l) 



12 



+ [5P^ - Sp^ 



Sp^PoaV^vr] 
Skp^if 



^ J P^^ J ^ 



(57) 



where x, y and Z in the non-minimal case are defined as 

8Hp^ - 2T^^ - 3{2V^^ + p^- P^)Z - 8p''ElH{Z - l) - ?,yz{^(p + V^^ + p^ + V^o^) 



X 



3 + - i {U{R)W + Ps) Z + [(3 + ^) - Ap^El\ {Z - 1) 
+ - 3i73;, 



Po -J \i- po 



2r/ 



and 



Po 



3/2 



2 = 1 + £?7 



(58) 
(59) 

(60) 



respectively. We use the slow-roll approximation and quasi-stable conditions (16) and (17) 
to write 



X 



-2T + 



P( 



z 



{V^ip + Pi)Z + Ap-'ElH{Z - 1) 



V£;o(4(Z-l) -33^)//^ 



(61) 



p^^ {V^^ + p^)Z + Ap^ElH{Z-iy 

As is obvious from equation (57), in addition to dissipation, the non-minimal coupling of 
the scalar field and modified induced gravity on the brane has a crucial role in the shape of 
the entropy perturbations; it is seen in the first two terms (where a part of the effects of the 
non-minimal coupling is hidden in the definition of the sound effective velocity, c^) and in 
the last three terms of this equation. In the minimal case, equation (61) leads to 



X 



-2T - 



V^^Z + Ap'E%H{Z-l) 



+ 2^Z 



V£;o(4(Z-l) -33^)//2 
V^^Z + 4p^ElH{Z-l) 



which contains dissipation effect in the DGP model. However, in the presence of the non- 
minimal coupling between induced gravity and the scalar field, both non- minimal coupling 
and dissipation affect dynamics of these perturbations in relatively complicated manner. In 
the minimal case and within the standard model, if we consider a small dissipation by setting 
r ~ 0, the entropy perturbation vanishes for long wavelength and the primordial spectrum 
of perturbation is due to adiabatic perturbations [32]. But in our case, if we set F ~ 0, for 
long wavelength that A; ~ 0, the entropy perturbation is given by 



SR 



nad 



-2p\H(t> + 0)x + p^6Ely + -pHEl{Z - 1) 
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(62) 



where 



X 



Pi 



if LP 



2V^{^f{R)cp-V^) 



Z 



+ 2 



(F^0 + Ps)^ + V£;Oif (z - 1) 



(63) 



(y^V^ + P^) 2 + ^[i^ElH{Z - 1) ■ 

In the absence of the non-minimal couphng, the entropy perturbation reduces to the result 
of the minimal setup [18] 



V^ipZ + 4fi^ElH{Z-l) 



+pWo3^ + ^pWo(Z-l) 



P^^ 



z 



2p2i?o(4(Z-l) -33^)ff2 
^ + V^o^(Z- 1) 



In the minimal standard theory of cosmological perturbations, when there are no dissipation 
effects, all perturbations are adiabatic and there is no trace of the non-adiabatic perturba- 
tions. But, as we have shown here, in a DGP-inspired non-minimal setup, in the absence 
of dissipations there is a non-vanishing contribution of the non-adiabatic perturbations. We 
note that our inspection shows that this effect is mainly as a result of DGP than non-minimal 
coupling. The effect of the non-minimal coupling tends to increase the contribution of the 
entropy perturbations. 

The curvature perturbation on a uniform density hypersurface is defined as [42,43] 



Ptot 



(64) 



Using the conservation equation for total energy density 

Ptot + SH{ptot + Ptot) =0, (65) 
where by definition ptot = Peff + P-y , the curvature perturbation can be written as 

Sptot 



c 



3 {ptot + Ptot) 



(66) 



From this equation, we deduce [44] 



C = h( 



6P 



nad 



\p + P J tot 
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(67) 



which imphes that C is a constant if the pressure perturbation is adiabatic on the large scales. 
This equation relates the change in the comoving curvature perturbation due to the source 
P6S { or equivalently SPnad)- Using (57) for long wavelength perturbations, C is given by 

3H{l + utot) 3iJ,^H{l + ujtot)^ V J pip^ J / 

2p^ f ApoaV^vr] 5p^ ^ ^gg f 2^ .\ 

- V//(l + u,.,) + 77 ~ + 3/7(1 + a;..) + 3 " ^'^^ 

where Utot = jf^- In contrast to the minimal standard case, the entropy perturbations 
depend not only on the dissipation effects but also they depends on the non-minimal coupling 
of the scalar field and induced gravity in the DGP setup. In other words, even with small 
dissipation, the entropy perturbations are important yet. It was expected a priori, based on 
the standard picture, that in the absence of dissipation the perturbation should be adiabatic 
since just one field is present. However, in our non-minimal DGP-inspired model with 
modified induced gravity the effects of the non-adiabatic perturbations are present yet and 
in this case curvature perturbations cannot be constant in time and they attain an explicit 
time-dependence. These are new results for rest of the theory of cosmology perturbations. 

6 The Power Spectrum 

In the previous section, we have shown that in the warm inflationary model the entropy 
perturbations are generated since infiaton and radiation fields interact with each other. Here 
we are going to obtain scalar and tensorial perturbation for warm inflation and we expect 
that for r = 0, the results of cool inflation will be recovered. 

We take into account the slow-roll approximation at the large scales, k ^ aif, where we need 
to describe the non- decreasing adiabatic and entropy modes. In this situation, equations (53) 
and (54) become respectively 



{3H + T)5^ + (V^^^ + r,^(/p - U{R)) 5^ ^ (t){2if{R)p- 2V^ + 10) - I2i f{R)^(t){H + 2H^) , 

(69) 

5ip - 30, (70) 



Pi r 

and equation (34) takes the following form 



,2 



2fi^H\4:H 48H^ p^rj ipbip 



i + i-^y.f\R) v^v. (71) 



where we have used the relation of the velocity field as ^ ~^J{{^ + if^ + ^^'^V^) ^^"^ 

J{6T^)^dxi = 2^(/?^/'(i?)(0 -|- H(j)). Now solve these three equations to find the desired 
relations. First, by substituting equation (71) into equation (69), we find 

(3H+T)S^+(v,^^+T,^^-tf{R))s^c^^(2^fiR)v-2V^+T^ 
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\AH A8H^ poT] ipdif J 
Following [45], we define an auxiliary function as 

6(p / f r, 



1 + ^^v'f'iR) ^S^. (72) 



X 



-exp 



T + 3H 



dip 



(73) 



Therefore, equation (72) can be rewritten as 



X,^ ^ 9 (r + 2H) 

X 8 (r + 3Hy 



{T + 2H) 



X 



12H{r + 3H) 



6E? dxi 



PoVP 



X 



p.fi + Po + epo 



Po 



1/2 



(74) 



A solution of this equation is given as x = exp J ^dcpj, where C is an integration 
constant. From equation (73), 6ip is given by 



6ip ^ C V^exp 



r,^ ^9(r + 2iJ) 



r + 3if 8 (r + 3iJ)2 



V^-^f{R)^ + 4%±^^nRMH + 2H'^ 



'{T + 2H) 



X 



i2i/(r + 3//) 



Po?7 0^95 
2r/ 



1 + 



X + Po + epo 
For simplicity we define the following quantity 



^^ + -(p.-p^i?°o) 
Po 



1/2' 



(75) 



A(^) 



r. 



9 (F + 2H) 
T + 3H^ 8{T + 3Hy 



X 



12//(F + 3//) 



X 



0-1 (Pvp - P^-^o) 

Po 



P(p + Po + ^Po 

With this definition, equation (75) can rewritten as 

5^ ^ C\/^exp[A(v9)] 



1/2- 



i+i^yf\R) 

poVP 



dip. 



(76) 
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and therefore, the density perturbation is given by 



16 2exp -A(v?)U 
5h = — vr// 6^. 

5 V_,„ 



(77) 



For r = 0, this relation reduces to the density perturbation in a cool non-minimal inflation 
model in the framework of DGP-inspired modified gravity. In the high dissipation regime, 
r 3> 1, the fluctuations in the warm inflationary model generate by thermal interactions 
rather than quantum fluctuations [46] 



5ip 



2 KfT 
27r2 ' 



(78) 



where the freeze-out scale at which dissipation damps out the thermally excited fluctuations 
is defined as 



Kf = VTH = VS^H > H. 
Now equations (76) and (77) for r 1 can be rewritten as follows 



r. 



9 



3Hr 8 



V^-^ip{f{R)+4f'{R){H + 2H^)) 



X 



1 + 



Pifi ,2 



PoVP 



X 



Pv + Po + £po 



Po 



1/2 



'dip, 



and 
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y2 



(79) 



(80) 



where a hat on a quantity shows that quantity is computed in the high dissipation regime. 
One important quantity in the inflationary cosmology is the scalar spectral index defined as 
follows 



dink 



In our setup, this quantity in the high-dissipation regime, r ^ 1, becomes 



^ , ^ 3^ p^ 

Us = I — e -\ — a 

4 r 



7 f -^(nR)R + fiR)) ] + 2(^uXR)v> - V,) (a,, + ^ 



P<P + Po + epo 



^^ + -(p.-pX) 

Po 



1/2- 



f82) 
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where A ,^ is the integrand of equation (79). The running of the spectral index in our setup 
is given as follows 



dink 









r 






A 


4r3 


K 

4^4 



1/2 

+ 2 '^'^ 



Po 



1/2' 



-1 



X 



Pv' + Po + epo 



2r/ 
Po 



(P^ - P'^o) 



1/2- 



53) 



For an inflationary model driven by just one scalar field, the running of the spectral index 
constraint by the WMAP5+SDSS+SNIa combined data is a, = ^ = -0.032+°:°2i, with 
la CL ( see for instance [47] and references therein). In our case, we see that dissipative 
effects, modified induced gravity and the non-minimal coupling of the scalar field and induced 
gravity have the potential to produce a variety of spectra ranging between red and blue ( 
see [3,6,8,17,32,40] for realization of these spectral index in different scenarios). 

Now we pay attention to the tensorial perturbations. As it has been mentioned in Ref.[48], 
the generation of tensor perturbations during inflation period produces stimulated emission 
in the thermal background of gravitational waves. This process changes the power spectrum 
of the tensor modes by an extra, temperature-dependent factor given by coth(^). So, the 
spectrum of tensor perturbations is given by 



1 k 
Al = — — coth ( — ) 



Pep + Po + £po 



'^^ + -(p.-P^i?°o) 
Po 



1/2 



(84) 



Using equations (80) and (84), in the limit of r ^ 1 the tensor to scalar ratio is given by 



(lip 



64v^7r2^6 



^exp[2A(v^)]coth(A) 



^5) 



where Vti = ^Sjj- and ki denotes the value of k when universe scale crosses the Hubble 
horizon during inflation. The WMAP5+SDSS-|-SNIa combined data gives the values of the 
scalar curvature spectrum as Vnih) = f6% = (2.445 ± 0.096) x lO'^ at h = 0m2Mpc-^ 
and the tensor to scalar ratio at this value of ki as TZ{ki) < 0.22 [49]. Evidently, these 
values will set severe constraints on the parameters of our model some of which are studied 
in the next section. 



18 



7 Numerics of the parameter space 

Now we study numerically the case with the following scalar field potential 

y(¥p) = K)exp(-./?^ 



(86) 



where Vq and p are constants. We consider a modified gravity model with f{R) = foR"", 

where /o and n are constant [50]. We set also T{ip) = [v + 1 + e{Al + 2r]vy^'^~\ ^ , ( see [18]), 
and we will restrict ourselves to the high dissipation regime where r ^ 1. From equation 
(80), the scalar power spectrum in our model with exponential potential (86) is given by 



16/i 2 



pT 

1 2 



exp[-2A{^)][x + 1 + eu^]* 



l + -{l + euj) 

V 



^7) 



where by definition 



1 + -(1 + Si.)] (1 + er^u-') + I Ir-P^ + (/o (1 + \n) i?" 



1 - 



1 



2Av2 V P 
4 



l + -(l + £a;) 

V 



2pov 



[1 + er]u~'] + e/oi2>j [x + 1 + eu^l 



+— — - (- + I 6E^ dxi ) [x + 1 + euj^ 



l + -{l+euj) 

V 



X 



[x + 1 + euj^ ^ j dip, 



and other quantities are defined as follows 



V 



CO = (^Al + 2r]v 



1/2 



x = —{p^- p^E%) , = (aI + 2r]x 
Po ^ 



1/2 



From equation (85), the tensor to scalar ratio in this setup is given by 



^9) 



1 



32 X 3!7r2/i¥ 



pT 



exp 

[2A{p)][x+l + euj^Y 



V 



coth (-^) 



Equations (87) and (90) with the definitions (88) and (89) are very complicated and to have 
an intuition, we have to study these quantities numerically. Using the appropriate values of 
Vniki) and 7i{ki) as mentioned previously, equations (87) and (90) lead us to the following 
result 



3.056 X 10 



-8 _ 



^coth(^) 
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1 H \ 



(91) 



Here the subscript i means that the corresponding quantity should be calculated at ki = aH 
where we set ki = 0.002Mpc~^ . From equation (91) we get 



2(-l + D + r/) 

(D - ly 



(92) 



where 



3.056 X 10-^ 
Xf, coth (^) 



8 



3.056 X 10" 



D 



K + ^)-th(#)' 



(93) 



and = = j^. In this analysis, we set = 1 foi' both DGP-branches of the model. 

Also we set p = 50, rj = 0.99, h = 0.002Mpc-\ T = 0.24 x lO^^Gev and ^ (lO^'^Gev)^. 
Note that important quantities such as ^ and now depend on the parameters of the 
model in this warped DGP-inspired framework. The results of our numerical calculations are 
shown in figures 1, 2, 3 and 4. Figure 1 shows the spectral index versus x = ^ for normal 
( £ = — 1) branch of the model. Depending on the values of the conformal coupling, it is 
possible to have both red and blue spectrum in this model. We note that positive values of 
the non-minimal coupling give more reliable results in comparison with observations ( this 
is supported from other viewpoints too; see for instance [27]). With positive ^, our model 
favors only the red power spectrum. Figure 2 shows the running of the spectral index in 
normal branch of the model. For C = the calculated running in our model cannot 

be compared with observations and therefore is excluded from our consideration. Figures 3 
and 4 show the corresponding results for the self-accelerating branch of the scenario. Again, 
negative values of the non-minimal coupling are excluded on observational grounds. These 
values are essentially related to anti-gravitation. We note that the self-accelerating solution 
of the DGP setup is unstable due to existence of ghosts [51,52]. In our setup, incorporation of 
several new degrees of freedom such as modified induced gravity, non-minimal coupling and 
the warped geometry of the bulk has provided a relatively wider parameter space. This wider 
parameter space may provide a better framework to treat instabilities of the self-accelerating 
solution. However this is not an easy task and lies out of our interest here ( for a recent 
progress in this direction see [53]). 
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Figure 1: The spectral index versus x = ^ for normal ( e 



-1) branch of the model. 
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Figure 2: The running of the spectral index versus x for normal branch of the model. 
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Figure 3: The spectral index versus x = — for self-accelerating ( e = +1) branch of the model. 
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Figure 4: The running of the spectral index versus x for self-accelerating ( e = +1) branch of the 
model. 
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8 Summary and Conclusions 



In this paper we have studied cosmological perturbations and their evolution in a braneworld 
viewpoint of the warm inflation in the presence of interaction between inflaton and induced 
gravity on the brane. We have incorporated possible modification of the induced gravity 
on the brane in the spirit of /(i?) -gravity. The cosmological perturbations are treated with 
complete details and the roles played by modification of the induced gravity, dissipation and 
the non-minimal coupling are discussed. The main results of our study can be summarized 
as follows: in the minimal standard theory of cosmological perturbations, when there are no 
dissipation effects, all perturbations are adiabatic and there is no trace of the non-adiabatic 
perturbations. But, as we have shown here, in a DGP-inspired non- minimal setup with 
modified induced gravity, in the absence of dissipation there is a non- vanishing contribution 
of the non-adiabatic perturbations. In this setup, this effect is mainly as a result of DGP ( 
with modified induced gravity) than the non-minimal coupling. The effect of the non-minimal 
coupling tends to increase the contribution of the entropy perturbations. The numerical 
analysis of the parameter space ( which is wide enough due to incorporation of several new 
degrees of freedom) shows that it is possible to have both red and blue spectrum and relatively 
large running of the spectral index depending on the sign of the non-minimal coupling. 
However, negative values of the non-minimal coupling give results that are not supported 
by observations and therefore should be excluded from our considerations. Modification of 
the induced gravity and its coupling to the inflaton field brings a variety of new possibilities 
which constraint our model in comparison with the recent observations. In other words, this 
wider parameter space provides much more freedom than single, self-interacting scalar field 
inflation to fit with the observational data. 
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